Let d be a square-free positive integer and h(d) the class number of the real quadratic field Q( √ d). In this paper we give an explicit lower bound for h(n 2 + r), where r = 1, 4, and also establish an equivalent criteria to attain this lower bound in terms of special value of Dedekind zeta function. Our bounds enables us to provide a new proof of a well-known conjecture of Chowla and that of Yokoi. Also applying our results, we obtain some criteria for class group of prime power order to be cyclic.
Introduction
It is interesting to find bounds for class number of a number field. H. Hasse [9] and H. Yokoi [12, 13] studied lower bounds for class numbers of certain real quadratic fields. Mollin [18, 19] generalized their results for certain real quadratic and biquadratic fields. The author along with Chakraborty and Hoque [17] derived a lower bound for Q( √ n 2 + r), where r = 1, 4, to classify the class group of order 4. The bound obtained was not so effective. Gauss conjectured that there exist infinitely many real quadratic fields of class number 1, which is yet to be proved. More precisely, he conjectured that there exist infinitely many real quadratic fields of the form Q( √ p), p ≡ 1 (mod 4) of class number 1. Many fruitful research have been done in this direction. In connection to this conjecture, we have the following two conjectures given by Chowla [21] and Yokoi [14] . (C) If d = m 2 + 1 is a prime with m > 26, then h(d) > 1.
(Y) Let d = m 2 +4 be a square-free integer for some positive integer m. Then there exist exactly 6 real quadratic fields Q( √ d) of class number one, viz. m ∈ {1, 3, 5, 7, 13, 17}. Assuming generalized Riemann hypothesis, Mollin and Williams [20] proved (C) in 1988. Kim, Leu and Ono [10] proved that at least one of (C) and (Y) is true, and for the other case at most 7 real quadratic fields Q( √ d) of class number 1 are there. Finally, Biró in [1, 2] proved (C) and (Y) . It is also interesting to find necessary and sufficient conditions for a real quadratic field to have class number h. Yokoi [14] established such kind of criteria for Q( √ 4m 2 + 1), where m is a positive integer, and proved that h(4m 2 + 1) is 1 if and only if m 2 − t(t + 1) is a prime, where 1 ≤ t ≤ m − 1. Hoque and Saikia [3] showed that there is no real quadratic fields of the form Q( 9(8n 2 + r) + 2), where n ≥ 1 and r = 5, 7, with class number 1. Analogously Chakraborty and Hoque [4] proved that none of the real quadratic fields Q( n 2 p 2 + 1) have class number 1 when p ≡ ±1 (mod 8) is a prime and n is an odd integer. In [15] , they proved that if d is a square-free part of an 2 + 2, where a = 9, 196 and n is an odd integer, then the class number of Q( √ d) is greater than 1. Byeon and Kim [6, 7] obtained an equivalent criteria for R-D type real quadratic field to have class number 1 and 2. In [16] , the author along with Chakraborty and Hoque obtained analogous criteria for class number 3.
In this paper, we establish an efficient lower bound for the class number of Q( √ n 2 + r), where r = 1, 4. Applying these results on Chowla and Yokoi's conjecture, we give an alternate proof of both the conjectures. The conjecture (C), which required m 2 + 1 to be a prime, has been proved in a much general setup wherein we require m 2 + 1 to be just square-free. Hence, we settled the conjecture for larger family. Chowla and Friedlander [21] proved that if m 2 + 1 is a prime with m > 2 and h(m 2 + 1) = 1, then g(m 2 + 1) is m 2 , where g(n) is the least prime which is a quadratic residue of n. We generalize this result and give an upper bound on g(1 + 4p 2 ), where p > 13 is a prime, and for g(p 2 + 4), where p > 17 is a prime. We also give some criteria for prime power order class group of a real quadratic field Q( √ n 2 + r), where r = 1, 4, to be cyclic. There was a need of computations for proving the conjectures and we have used PARI/GP (Version 2.9.2) for the same.
Notations and structure of paper. Throughout this paper d = n 2 + r be a square-free integer. Let h(d) and C(k n ) denote the class number and the class group of a real quadratic field k n = Q( √ d), respectively. P will always denote the principal ideal class in the class group and N(I) denote the norm of an ideal I. p t || n means that p t | n but p t+1 ∤ n. In §2 we stated the results on computing the partial Dedekind zeta values of a real quadratic field. In §3 and §4 we compute the partial Dedekind zeta values and with some group theoretic arguments we deduce a lower bound for class number of Q( √ n 2 + r) for r = 1, 4. In §5 we apply our results on Chowla and Yokoi's conjecture and give an alternate proofs of both. In §6 the class groups of prime power order is being studied. In §7 we deduce some corollaries of our main results of §3 and §4. We conclude this paper with some remarks.
Partial Dedekind zeta values
Let k be a real quadratic field, and ζ k (s) be the Dedekind zeta function attached to k. Siegel [5] derived an expression for the Dedekind zeta values at 1 − 2n, where n is a positive integer. For n = 1, this expression becomes simpler:
where σ(n) denotes the sum of divisors of n.
Lang gave another method to compute ζ k (−1) by computing partial Dedekind zeta values and summing them up. For an ideal class A ⊂ k, consider an integral ideal a in A −1 with integral basis {r 1 , r 2 }. Let r ′ 1 and r ′ 2 be the conjugates of r 1 and r 2 , respectively, and δ(a) := r 1 r ′ 2 − r ′ 1 r 2 . Let ε be the fundamental unit of k. Then one has a matrix M = a b c d with integer entries satisfying:
We recall Lang's result [11] .
Theorem 2.1. By keeping the above notations, we have
where S i (−, −) denotes the generalized Dedekind sum as defined in [22] .
In order to apply Theorem (2.1) one need to know a, b, c, d and the generalized Dedekind sums. The following result [11, p. 143 
Moreover, bc = 0 and det(M) = N(ε).
To compute partial zeta values for ideal classes of a real quadratic field the following expressions (see, [11, pp. 155 
3. The field Q( √ n 2 + 1)
In this case, fundamental unit is ε = n + √ n 2 + 1 and N(ε) = −1. We also know that if p|n, where p is an odd prime, then p splits in k n as We first find the integral basis of some particular ideals. Using this and Theorem 2.1, we calculate the partial Dedekind zeta values for an ideal classes of k n . Then we compare these values with Dedekind zeta value and use some elementary group theoretic arguments to establish our results.
2 } is an integral basis for a r and a −r , respectively, ∀ 1 ≤ r ≤ t.
Proof. Consider
a nonzero Z-module in O kn . Then, by [8, Proposition 2.6 and 2.11], M r is an ideal and N(M r ) = p r , ∀ 1 ≤ r ≤ t. As N(a r ) = p r and a r ⊆ M r ,
, then as before one can prove the following;
We will derive our results in three subsections based on the congruence relation, i.e. n 2 + 1 ≡ 1, 2, 5 (mod 8), for easy and smooth reading. 2 } is an integral basis for a r and a −r , ∀ 1 ≤ r ≤ t. Now by using Lemma 2.1, Lemma 2.2 and Theorem 2.1, we get
Equality holds if and only if h(d) = t. Thus h(d) = t if and only if
Theorem 3.2. Let n = 2p 1 a 1 p 2 a 2 · · · p m am with p i 's are distinct odd primes and a i 's are postive integer.
and equality holds if and only if
ζ kn (−1) = n 3 + 14n 360 + 1≤i≤m 1≤r i ≤a i −1 n 3 + n(4p i 4r i + 10p i 2r i ) 180p i 2r i + m i=1 n 3 + n(4p i 4a i + 10p i 2a i ) 360p i 2a i . (ii) If m = 2, then h(d) ≥ 2(a 1 + a 2 ) − 2
Proof. We will prove part (i) and other part can be proved on the same line.
Since each p i splits in k n , as in (3.1), so let A i be the ideal class
. Then again by using Lemma 2.1, Lemma 2.2 and Theorem 2.1,
Remark: If all the a i 's and t are zero, then n 0 = 1. Hence d = 5 and h(5) = 1.
In this case, 4|n and 2 splits in k n as 
Proof. Let A and B be the two ideal classes in k n such that a = p, 1+
Then as before,
and
, we get n = 2 × 2 j , therefore as above, |B| ≥ 2(s − 1). And if ζ kn (−1, A r ) = ζ kn (−1, B j ), we have n = 2 × 2 j p r , this is only possible when r = t and j = s − 1. So, while calculating class number we have to take care of A t and B s−1 as they may be equal and we have to count once. Hence
Using similar arguments, one can prove: 
If m is odd, then h(d) ≥ 2(a 1 + a 2 + · · · + a m ) − m + 2s − 1 and h(d) = 2(a 1 + a 2 + · · · + a m ) + 2s − 1 if and only if
Remark: When all the a i 's and t are zero, then n = 2 s and d = 2 2s + 1. By similar arguments one can show that h(d) ≥ s − 1.
3.3. d = n 2 + 1 ≡ 2 (mod 4). In this case, we have n 2 +1 ≡ 2 (mod 4) ⇒ n is odd. If a = (p, 1 + √ d) ∈ A then as before, using Lemma 2.1, Lemma 2.1, Lemma 3.2 and Theorem 2.1, we get 
Proof. If d ≡ 2 mod 4 then 2 ramifies in k n = Q( √ d), i.e.
(2) = (2, d) 2 . 
If n = p 1 a 1 p 2 a 2 · · · p m am with p i 's be distinct odd primes and m ≥ 2, following similar arguments used in previous results, one can prove; Theorem 3.6. Let n = p 1 a 1 p 2 a 2 · · · p m am with p i 's distinct odd primes and m ≥ 2. Then h(d) ≥ 2(a 1 + a 2 + · · · + a m ) − m + 2. And h(d) = 2(a 1 + a 2 + · · · + a m ) − m + 2 if and only if
Remark: If all the a i 's and t are zero, then n = 1 and d = 2. Hence h(2) = 1.
4.
The field Q( √ n 2 + 4)
We now study the class number of k n = Q( √ d), where d = n 2 + 4 is a square-free positive integer. Clearly d ≡ 5 (mod 8) and n is odd. In this case, fundamental unit is ε = n+ √ n 2 +4 2 , and N(ε) = −4. Let p|n then
.
(4. M r is an ideal and and N(M r ) = p r . As a r ⊆ M r , ∀ 1 ≤ r ≤ t, and N(a r ) = p r , one has M r = a r and hence {p r , p+2+ Proof. Let A be an ideal class containing a = p, p+2+
. Then by using Lemma 2.1, Lemma 2.2, Lemma 4.1 and Theorem 2.1 we obtain:
If for any 1 ≤ r ≤ t, ζ kn (−1, P) = ζ kn (−1, A r ), then n = p r . Hence |A| ≥ t. This implies that h(d) ≥ t and h(d) = t if and only if
Using similar arguments one gets: 
Remark: If all the a i 's and t are zero, then n = 1 and d = 5. Hence h(5) = 1.
Chowla and Yokoi's conjecture
For the sake of completeness, we recall the conjectures again. We first prove two lemmas which are the main ingredients in proving Chowla and Yokoi's conjecture.
Lemma 5.1. The set {p 2 − n(n + 1)} p−2 n=1 always contains a composite number, except for p = 2, 3, 5, 7 and 13.
Proof. Let N = 5 × 7 × 13 × 41 × 61 × 1861.
Case I:-If p > N, write p = N × k + r, where 0 < r < N and k is a positive integer. So we have, p 2 − n(n + 1) = (Nk) 2 + 2Nkr + r 2 − n(n + 1).
Claim:-For every 0 < r < N, we have 1 ≤ n 0 ≤ N such that gcd(r 2 − n 0 (n 0 + 1), N) = 1. Since we have finite combinations of r and n therefore this claim can be easily verified by running a program in PARI/GP (Version 2.9.2). Hence ∃ 1 ≤ n 0 ≤ p − 2 such that gcd(p 2 − n 0 (n 0 + 1), N) = 1. Thus p 2 − n 0 (n 0 + 1) is divisible by a prime q smaller than p and therefore p 2 − n 0 (n 0 + 1) is not a prime (as p 2 − n(n + 1) > p, ∀ 1 < n < p − 2).
Case II:-Now if p < N, then again we have finitely many values of p and the set {p 2 − n(n + 1)} p−2 n=1 is also finite for every p. Then also we can verify, by running a program in PARI/GP (Version 2.9.2), that the set {p 2 − n(n + 1)} p−2 n=1 always contains a composite number, except for p = 2, 3, 5, 7 and 13.
Considering the same N as in the above proof and following the same method, we can prove the following lemma too. m=1 always contains a composite number, except for p = 3, 5, 7, 13 and 17.
Chowla in his conjecture assume that m 2 + 1 is a prime. Using the above lemma and results of section 3, we will prove the following result which automatically covers Chowla's family and hence we have an another proof of Chowla's conjecture. Theorem 5.3. If d = n 2 + 1 is a square-free integer with n > 26, then h(d) > 1.
Proof. By Theorem 3.1-3.6, one sees that, h(d) = 1 ⇒ n = 1 or 2p, for some prime p. Thus one needs only to consider the family k p = Q( 4p 2 + 1). Now by Proposition 2.1,
By [6, Theorem 2.4], we have h( 4p 2 + 1) = 1 ⇐⇒ ζ kp = 8p 3 +28p 360 . In the above inequality, equality occurs only if {p 2 − n(n + 1)} p−2 n=1 consists of only prime numbers. But by Lemma 5.1, we have that {p 2 − n(n + 1)} p−2 n=1 always contains a composite number, except for p = 2, 3, 5, 7 and 13. Hence ζ kp > 8p 3 + 28p 360 , p = 2, 3, 5, 7 and 13.
Thus h(4p 2 + 1) = 1 if and only if p = 2, 3, 5, 7 and 13.
It follows that the hypothesis of m 2 + 1 to be a prime is redundant in Chowla's conjecture. Now we give a proof of Yokoi's conjecture using Lemma 5.2.
Proof of Theorem 5.2. By Theorem 4.1-4.2, h(d) = 1 ⇒ m = p, for some prime p. So we only have to consider the family k p = Q( p 2 + 4).
Again by Proposition 2.1, we have
If we replace t by p − k, where k is even, then
Now replace k by 2m, then we have 0 ≤ m ≤ p−1 2 . Thus Let g(n) be the least prime number which is a quadratic residue modulo n. Chowla and Friedlander [21] proved that if p = m 2 + 1 is a prime, m > 2 and h(p) = 1, then g(p) = m 2 . Using Lemma (5.1) we will get some upper bound for g(4p 2 + 1), if h(4p 2 + 1) > 1, irrespective of (4p 2 + 1) is a prime or not.
Theorem 5.4. Let d = 4p 2 + 1 be a square-free integer, where p is a prime. Consider Q( √ d) then g(d) < p, except for p = 2, 3, 5, 7 and 13.
Proof. By Lemma (5.1), ∀ p, except p = 2, 3, 5, 7 and 13, there exist a 1 ≤ n 0 ≤ p − 2 such that p 2 − n 0 (n 0 + 1) is not a prime number. Since p 2 − n 0 (n 0 + 1) < p 2 , therefore there exist q < p such that q|(p 2 − n 0 (n 0 + 1)). So we have p 2 − n 0 (n 0 + 1) ≡ 0 (mod q).
This implies p 2 − n(n + 1) has a solution n 0 in F q and
Therefore, 1 + 4p 2 is a square in F q , i.e. 1 + 4p 2 = x 2 in F q , for some x ∈ F q . Thus 1+4p 2 is a quadratic residue of some prime q < p. Hence q is also a quadratic residue of 1 + 4p 2 , since 1 + 4p 2 ≡ 1 (mod 4).
Simillarly, using Lemma (5.2) one can deduce:
Theorem 5.5. Let d = p 2 + 4 be a square-free integer, where p is a prime. Consider Q( √ d) then g(d) < p, except for p = 3, 5, 7, 13 and 17.
Class group of prime power order
In this section, we deduce some conditions on the exponents of prime factors of n so that the class group of prime power order is cyclic. , then A is non-principal, |A| > q r−1 and |A| q r . This implies |A| = q r and hence class group is cyclic.
The following results can also be proved using theorems in §3 and §4 and some group theoretic arguments. Theorem 6.2. Let d = n 2 + 1 ≡ 5 (mod 8). If h(d) = q r for some prime q and positive integer r ≥ 2, then, I. Let n = 2p 1 a 1 p 2 a 2 · · · p m am with p i 's be distinct odd primes and m > 2. If one of the following holds:
and a l ≥ q j−1 +1 2 for some i = l and 2 ≤ j < r. Then C(k n ) ∼ = Z q r . II. Let n = 2p 1 a 1 p 2 a 2 with p 1 , p 2 be distinct odd primes. If a 1 or a 2 ≥ q r−1 +1 2 , then C(k n ) ∼ = Z q r . Theorem 6.3. Let d = n 2 + 1 ≡ 1 (mod 8). If h(d) = q r for some prime q and positive integer r ≥ 2, then, I. Let n = 2 s p t with p be an odd prime, s ≥ 2 and t ≥ 1 be an integers.
Then C(k n ) ∼ = Z q r . II. Let n = 2 s p 1 a 1 p 2 a 2 · · · p m am with p i 's be distinct odd primes, s ≥ 2 and m ≥ 2. If one of the following holds:
and a l or s − 1 ≥ q j−1 +1 2 for some i = l and 2 ≤ j < r. Then C(k n ) ∼ = Z q r . Theorem 6.4. Let d = n 2 + 1 ≡ 2 (mod 4). If h(d) = q r for some prime q and positive integer r ≥ 2, then, I. Let n = p t with p be an odd prime and t ≥ 1 an integer. If t ≥ q r−1 +1 2 , then C(k n ) ∼ = Z q r . II. If n = p 1 a 1 p 2 a 2 · · · p m am with p i 's be distinct odd primes and m ≥ 2. If one of the following holds:
and a l ≥ q j−1 +1 2 for some i = l and for any 2 ≤ j < r. Then C(k n ) ∼ = Z q r . Theorem 6.5. Let d = n 2 + 4 ≡ 5 (mod 8). If h(d) = q r for some prime q and positive integer r ≥ 2, then, I. Let n = p t with p be an pdd prime and t ≥ 1 an integer. If t ≥ q r−1 + 1, then C(k n ) ∼ = Z q r . II. Let n = p 1 a 1 p 2 a 2 with p 1 , p 2 be distinct odd primes. If a 1 or a 2 ≥ q r−1 +1 2 , then C(k n ) ∼ = Z q r . III. Let n = p 1 a 1 p 2 a 2 · · · p m am with p i 's be distinct odd primes and m > 2. If one of the following holds:
(i) a i ≥ q r−1 +1 2 for any 1 ≤ i ≤ m.
(ii) a i ≥ q r−j +1 2 and a l ≥ q j−1 +1 2 for some i = l and for any 2 ≤ j < r. Then C(k n ) ∼ = Z q r .
Corollaries
We shall now deduce some interesting corollaries to our main theorems.
Case I: d = n 2 + 1 ≡ 5 (mod 8). Case III: d = n 2 + 1 ≡ 2 (mod 4).
Corollary 7.6. Let n = p t with t ≥ 1 an integer. If 2t ≤ h(d) ≤ 4t−2, then the class group is cyclic.
Case IV: d = n 2 + 4 ≡ 5 (mod 8).
Corollary 7.7. Let n = p t with t > 1 an integer. If t ≤ h(d) ≤ 2t − 1, then the class group is cyclic.
Corollary 7.8. Let n = p 1 a 1 p 2 a 2 · · · p m am with p i 's distinct odd primes and m > 2. If m is even, then h(d) > 2(a 1 + a 2 + · · · + a m ) − m + 2 and if h(d) is odd, then h(d) = 2(a 1 + a 2 + · · · + a m ) + 1 if and only if ζ kn (−1) = n 3 + 11n 360 + 1≤i≤m 1≤r i ≤a i n 3 + n(p i 4r i + 10p i 2r i ) 180p i 2r i . Corollary 7.9. Let n = p 1 a 1 p 2 a 2 with p 1 , p 2 be distinct odd primes. Then the following holds:
(i) If a 1 or a 2 > 1 and h(d) is odd, then h(d) ≥ 2(a 1 + a 2 ) + 1.
Equality holds if and only if
ζ kn (−1) = n 3 + 11n 360 + 1≤i≤2 1≤r i ≤a i n 3 + n(p i 4r i + 10p i 2r i ) 180p i 2r i . We give the proof of Corollary (7.1) and Corollary (7.2)(ii) and the other cases can be handled simillary. 
Concluding remarks
We have handled the case r = 1, 4 and one can try to generalize this work to other R-D type real quadratic fields too. We expect that our method can also be extended to other real quadratic fields, whose fundamental unit is known. One can try to reduce the class number 1 problem for that particular family to its subfamily, like we did for Chowla and Yokoi's conjecture. One can also say more clearly about the prime power order class group. In §6, if r is small, say 2 or 3, then in most cases we can exactly determine the class group by just looking at the exponents of prime factors.
